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In this study, the vibration and damping analysis of a three-layered sandwich plate with composite face layers and

a viscoelastic core is considered. The governing equations and related boundary conditions are derived in terms of

sectional force and moment resultants by using the principle of virtual work for free vibrations of the plate. The

eigenvalue problem defined by these equations is solved by using the generalized differential quadrature method to

obtain the frequencies and loss factors. Results are compared with the ones that exist in the literature for three plate

problems. Lastly, a parametric analysis is carried out for sandwich plates with carbon fiber reinforced plastic face

layers and a frequency-dependent viscoelastic core. Viscoelastic behavior is modeled based on the five-parameter

fractional Zener model. The master curves and material properties of four different viscoelastic polymers are

obtained from the experimental data that exist in the literature. The effects of these polymeric damping materials on

the vibration and damping characteristics of the sandwich plate are thoroughly studied. The eigenproblem is also

solved by using the finite element method to verify the results of the generalized differential quadrature method.

Nomenclature

a, b = dimensions of the plate
c�p�ik , d�r�jm = weighting coefficients
E1, E2 = Young’s moduli
f = circular frequency
G0 = static moduli
G13, G12, G23 = shear modulus
G1 = high-frequency moduli
hi = thickness of ith layer
Nxx, Nyy = normal force components
Nxy, Nxz, Nyz = shear force components
K,M = stiffness and mass matrices
Mxy,Mxz,Myz = moment components
�Q�i�mn = transformed stiffness coefficients for the ith

layer
T = actual temperature
TA = activation temperature
T0 = reference temperature
u, v, w = displacements in x, y, and z directions
u0, v0 = displacements of the centroid of the core in x

and y directions
�, � = fractional-order time derivatives
"xx, "yy = normal strain components
"xy, "xz, "yz = shear strain components
� = loss factor
� = angle of lamination
� = Poisson’s ratio
� = error tolerance
� = density
�xx, �yy = normal stress components
�xy, �xz, �yz = shear stress components
	 = relaxation time
’, 
 = rotations of normals to midplane about the x

and y axis
! = complex eigenfrequency

I. Introduction

V IBRATION induced stresses and displacements are major
problems, which may cause unwanted noise and fatigue that

may lead to the failure of a component or the structure itself.
Therefore, damping and reduction of these vibrations are of great
importance and damping layers that consist of viscoelastic materials
are commonly used to achieve this goal. Thesematerials can either be
adapted during the design stage or added after the completion of the
design process. Damping layers are applied to the structure as active
or passive layers, and, depending on the problem considered, they
may be implemented as free or constrained layers. Among the
vibration control and reductionmethods, themost efficient, easy, and
commonly used one is the constrained-layer damping treatment.
When this type of structure is subjected to cyclic bending, the
damping layer is primarily subjected to shear strain due to the relative
motion of the base and the constraining layers. Strong internal
friction caused by this type ofmotion reduces thevibration amplitude
for each bending cycle by dissipating the mechanical energy as heat.

A typical sandwich structure consists of two stiff face layers that
carry the great portion of the bending load separated by a light inner
core having an energy dissipating property. These structures find
application as load carrying structural members due to their high
stiffness-to-weight ratio in many engineering areas and especially in
the field of aerospace. Therefore, a vast number of studies exist in the
literature on the vibration analysis of viscoelastic sandwich
structures. Earlier works can be traced back to 1950s to the study of
Ross et al. [1], where the effects of layered shear treatments for
simply supported plates were investigated. Sadasiva and Nakra [2]
studied the unsymmetrically sectioned sandwich beams and plates
with viscoelastic cores. Lu et al. [3] evaluated mechanical
impedances for a sandwich plate with free boundary conditions by
using the finite element method (FEM) and compared them with
experimental results. Later, Johnson and Kienholz [4] studied the
vibration and damping of sandwich ring and plate structures by using
the modal strain energy method implemented in NASTRAN. One
can find more recent studies, some of which are included in [5–15].

Viscoelastic polymeric materials have found great applications in
engineering due to their high damping and energy dissipation
properties. The dynamic modulus of elasticity and the loss factor of
these materials show strong dependence on frequency and
temperature. Therefore, it is not possible to obtain satisfying results,
in terms of vibration damping, without taking proper account of the
unique characteristics of these materials. There are several
approaches to model the frequency dependence of the dynamic
properties of viscoelastic materials, and the most commonly used
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ones are the Golla–Hughes–McTavish (GHM) [16,17] and anelastic
displacementfield (ADF)methods [18]. In both of thesemethods, the
complex modulus of the viscoelastic material is represented in terms
of series of functions, where the fitting between the theoretical and
experimental results is improved by increasing the number of terms
considered. The obtained material properties are not valid for wide
frequency ranges; besides, they are valid inside the frequency band,
which is chosen for performing the fitting of master curves. On the
other hand, fractional-order models of viscoelasticity obtained from
the modification of conventional models such as Maxwell, Kelvin,
and Zener exist in the literature [19,20], which overcome the
drawbacks and limitations of GHM and ADF.

The differential quadrature method is a collocation scheme first
introduced by Bellman et al. for the solution of nonlinear partial
differential equations [21]. This method, in its first proposed form,
produced ill-conditioned matrices for large systems, from which the
weighting coefficients are obtained. This drawback was overcome
with the introduction of the generalized differential quadrature
method (GDQM) by Shu and Richards [22], which presents an
explicit algebraic formula for the evaluation of weighting
coefficients. Since then, GDQM has been efficiently applied to
structural and vibration problems [23–26].

This study considers a modified version of the five-parameter
fractional Zener model [20] in order to predict the viscoelastic
behavior of the core layer. Governing equations together with the
boundary conditions are obtained in terms of sectional moments and
forces by using the principle of virtual work for the three-layered
sandwich plate. Then, the resulting coupled partial differential
equation system is solved byGDQM,which is a robust, accurate, and
reliable numerical technique that can produce accurate results with
considerably small number of grid points. Results are compared to
already existing ones in the literature for three problems. Then, the
effects of system parameters on the vibration and damping
characteristic of a composite plate with a frequency-dependent
viscoelastic core are investigated. The results are presented in
graphical form in comparison with the results obtained with FEM. It
is the first time that GDQM is applied to the vibration analysis of a
sandwich structure, to the best of the authors’ knowledge.

II. Equation of Motion

The assumptions used to derive the kinematic relations and the
governing equations are as follows: 1) the viscoelastic core is
represented by the complex modulus approach, 2) deformation
through thickness is negligible, 3) transverse displacement does not
change between the layers, 4) the plate deflection is small, and
5) there is no slip between the layers.

The geometry of the sandwich plate and the displacement of its
layers is presented in Figs. 1 and 2, respectively.

The kinematic relations are derived from the geometry in Fig. 2
based on the first-order shear deformation theory (FSDT) as follows:

u�1� � u0 �
h2
2
’2 �

�
z�1� � h1

2

�
’1 (1)

v�1� � v0 �
h2
2

2 �

�
z�1� � h1

2

�

1 (2)

u�2� � u0 � z�2�’2 (3)

v�2� � v0 � z�2�
2 (4)

u�3� � u0 �
h2
2
’2 �

�
h3
2
� z�3�

�
’3 (5)

v�3� � v0 �
h2
2

2 �

�
h3
2
� z�3�

�

3 (6)

w�i� � w; i� 1; 2; 3 (7)

where ’i and 
i are the rotations of normals to midplane, u�i� and v�i�

are the axial displacements, andw�i� is the transverse displacement of
the ith layer. Also, u0 and v0 are the longitudinal displacements of the
centroid of viscoelastic core. The strain–displacement relation for the
linear vibrations of the sandwich plate is given by

8>>>>><
>>>>>:

"�i�xx
"�i�yy
2"�i�xy
2"�i�yz
2"�i�xz

9>>>>>=
>>>>>;
�

@=@x 0 0

0 @=@y 0

@=@y @=@x 0

0 @=@z @=@y
@=@z 0 @=@x

2
66664

3
77775

8<
:
u�i�

v�i�

w�i�

9=
;; i� 1; 2; 3 (8)

The stress–strain relation for the composite-orthotropic base and
constraining layers can be expressed as follows:

8>>>>><
>>>>>:

��i�xx
��i�yy
��i�xy
��i�yz
��i�xz

9>>>>>=
>>>>>;
�

�Q�i�11
�Q�i�12

�Q�i�16 0 0
�Q�i�21

�Q�i�22
�Q�i�26 0 0

�Q�i�16
�Q�i�26

�Q�i�66 0 0

0 0 0 �Q�i�44
�Q�i�45

0 0 0 �Q�i�45
�Q�i�55

2
666664

3
777775

8>>>>><
>>>>>:

"�i�xx
"�i�yy
2"�i�xy
2"�i�yz
2"�i�xz

9>>>>>=
>>>>>;
; i� 1; 3

(9)

where �Q�i�mn are the transformed stiffness coefficients for the ith layer
that can be expressed in terms of the lamina stiffness coefficients in
principal material coordinates as given in the Appendix.

Since the viscoelastic core is isotropic with the Poisson’s ratio
assumed to be frequency independent, then the following stress–
strain relation holds:

Fig. 1 Geometry and configuration of the sandwich plate. Fig. 2 Coordinate system and displacement of layers.
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8>>>>><
>>>>>:
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1� �22
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0 0 1� �2 0 0

0 0 0 1� �2 0

0 0 0 0 1� �2

2
66664

3
77775

8>>>>><
>>>>>:

"�2�xx
"�2�yy
"�2�xy
"�2�yz
"�2�xz

9>>>>>=
>>>>>;

(10)

where E�2 � E2�1� i�2� is the complex modulus of the viscoelastic
core. For the free vibrations of the sandwich plate, Hamilton’s
principle can be expressed as follows:

Z
T

0

��U � �K� dt� 0 (11)

whereU andK correspond to the elastic strain energy and the kinetic
energy, respectively. For the problem considered, Eq. (11) becomes

X3
i�1

Z
T

0

Z
b

0

Z
a

0

Z
hi=2

�hi=2
���i�xx ���i�xx � ��i�yy ���i�yy � 2��i�xy ��

�i�
xy � 2��i�yz ��

�i�
yz

� 2��i�xz ��
�i�
xz � dz�i� dx dy dt �

X3
i�1

�i

Z
T

0

Z
b

0

Z
a

0

Z
hi=2

�hi=2

�
@u�i�

@t
�
@u�i�

@t

� @v
�i�

@t
�
@v�i�

@t
� @w

�i�

@t
�
@w�i�

@t

�
dz�i� dx dy dt� 0 (12)

The governing equations in terms of sectional moments and forces
are obtained from Eq. (12) by using the calculus of variations. These
equations and related boundary conditions for the harmonic
vibrations of the plate are presented in the Appendix.

III. Generalized Differential Quadrature Method

To approximate the derivatives of a function at a point, GDQM
employs a weighted linear sum of the function values at all discrete
points. The following relations hold for the uncoupled derivatives of
a function w�x; y� [25]:

@p

@xp
w�xi; yj� �

XN
k�1

c�p�ik w�xk; yj� (13)

@r

@yr
w�xi; yj� �

XM
m�1

d�r�jmw�xi; ym� (14)

where N and M are the total number of sampling points of the grid

distribution in x and y directions, respectively. Also, c�p�ik and d�r�jm
correspond to the weighting coefficients, which can be evaluated for
the first-order derivatives as follows:

c�1�ik �

8<
:

�M
�1�
x �xi�

�xi�xk� �M�1�x �xk�
for i≠ k and i; k� 1;2; . . .N

�
P

N
s�1;s≠i c

�1�
is for i� k and i; k� 1;2; . . .N

(15)

d�1�jm �

8<
:

�M
�1�
y �yj�

�yj�ym� �M�1�y �ym�
for j≠m and j;m� 1;2; . . .M

�
P

M
s�1;s≠j d

�1�
js for j�m and j;m� 1;2; . . .M

(16)

where the function �M is given by

�M x�x� �
YN
s�1
�x � xs�; �My�y� �

YM
s�1
�y � ys� (17)

The derivatives of �M at discrete xi and yj points can be written as
follows:

�M �1�
x �xi��

YN
s�1;s≠i

�xi � xs�; �M�1�y �yj��
YM

s�1;s≠j
�yj � ys� (18)

The following recurrence relations hold for the weighting
coefficients of higher-order derivatives:

c�p�ik �

8<
:
p

�
c�p�1�ii c�1�ik �

c
�p�1�
ik

xi�xk

�
for i≠k and i;k�1;2; . . .N

�
P

N
s�1;s≠i c

�p�
is for i�k and i;k�1;2; . . .N

(19)

d�r�jm�

8><
>:
r

�
d�r�1�jj d�1�jm �

d
�r�1�
jm

yj�ym

�
for j≠m and j;m� 1;2; . . .M

�
P

M
s�1;s≠i d

�r�
js for j�m and j;m� 1;2; . . .M

(20)

The generalized differential quadrature (GDQ) formulation of the
coupled derivative can also be given by

@p�r

@xp@yr
w�xi; yj� �

XN
k�1

c�p�ik
XM
m�1

d�r�jmw�xk; ym� (21)

It is well known that the use of a grid distribution, which is denser
on the boundaries, gives much better results when compared with a
uniform distribution in GDQ analysis. Therefore, Chebyshev–
Gauss–Labatto grid distribution is used to discretize the spatial
coordinates:

xi �
a

2

�
1 � cos

�
i� 1

N � 1



��
; yj �

b

2

�
1 � cos

�
j � 1

M � 1



��

i� 1; 2; . . . ; N and j� 1; 2; . . . ;M (22)

The grid distribution is presented in Fig. 3.
The open forms of governing equations and their GDQ

representations are not presented here since these equations are quite
large; however one can easily obtain them by using Eqs. (8–10) and
(A12). The global assembling of the governing equations and the
boundary conditions leads to the following set of linear equations
[26]:

Kbb Kbd

Kdb Kdd

� ��
�b
�d

�
� !2 0 0

0 Mdd

� ��
�b
�d

�
(23)

where the subscripts b and d stand for the degrees of freedom that
belong to the boundary and the domain, respectively. Kinematic
condensation of nondomain degrees of freedom can be performed as
follows [24]:

Fig. 3 Grid distribution.
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Fig. 4 Master curves of viscoelastic materials compared with experimental data (T0 � 21:1 �C).

�Kdd �KdbK
�1
bbKbd� � !2Mdd (24)

After solving Eq. (24) for the desired eigenpair, the displacements at
the boundaries can also be obtained as follows:

� b ��K�1bbKbd�d (25)

In the solutions carried out, a symbolic calculation software package
MATHEMATICA is used. The built-in function eigenvalues are
used, which solves the generalized eigenvalue problem in Eq. (24) by
the QZ algorithm.

IV. Five-Parameter Model

The dynamicmodulus and the loss factor show strong dependency
on the vibration frequency and temperature for the real polymeric
materials. Thefive-parameter fractionalmodel [20] is used in order to
model the frequency dependency of the viscoelastic core:

G2�!� �G0 �G0�d � 1�

	 cos��
=2��!	�� � cos��� � ��
=2��!	����
1� 2 cos��
=2��!	�� � �!	�2� (26)

�2�!� �
�d � 1�fsin�
�=2��!	�� � sin�
�� � ��=2��!	����g

1� �!	�2� � 2 cos�
�=2��!	�� � �d � 1�fcos�
�=2��!	�� � cos�
�� � ��=2��!	����g (27)

whered is a ratio defined by d�G1=G0,G0 is the staticmoduli,G1
is a parameter related to the high-frequency moduli, 	 is the
relaxation time, and � and � are the fractional-order time derivatives.
Though it is more complicated, the five-parametermodel is preferred
to the classical four-parameter model since the latter is unable to
capture the asymmetry of the loss factor peak.

It is not usually possible to obtain reliable experimental data over a
broad frequency range at a desired temperature. Therefore, the
experimental results for the shear modulus and loss factor are
obtained for relatively narrow frequency ranges at different
temperatures. Then, the effects of temperature and frequency are
combined as a compound variable to obtain the master curves for the
viscoelastic material, as follows:

G�2�!; T� �G�2�!f�T�� (28)

Note that, the temperature–frequency equivalence principle in
Eq. (28) holds for thermorheologically simple viscoelastic materials.
The simple yet successful Arrhenius shift factor equation is used to
model the relationship between temperature and frequency:

log f�T� � TA
�
1

T
� 1

T0

�
(29)
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where TA is the activation temperature, T0 is the reference
temperature, and T is the actual temperature. The value of TA is
usually determined byminimizing the scatter in the logarithmic plots
of the experimental data for the shear modulus and the loss factor
versus frequency. In this study, TA is evaluated by a program code,
which minimizes the difference between the theoretical model and
the experimental results.

The unknown material constants �, �, G0, and G1 are obtained
from the approximate low- and high-frequency behaviors of the
dynamic moduli and the loss factor as described in [20]. On the other
hand, the relaxation time 	 is estimated by minimizing the difference
between the experimental and theoretical data by using the least-
squares method, as suggested byGalucio et al. [19]. The curve fitting
process is applied to the experimental data presented in [27,28] for
four commercial damping polymers. The first two are self-adhesive
soft acrylic polymers from 3M, i.e., 3M ISD-110 and 3M 467. The
other two are relatively stiff polyurethane polymers from Soundcoat,
which are DYAD 606 and DYAD 609.

Themaster curves are presented in Fig. 4, and the numerical values
of the optimized parameters for these four viscoelastic materials are
presented in Table 1 together with two other damping polymers that
already exist in the literature [20].

There is a goodmatching between the experimental and theoretical
results, which shows that the five-parameter fractional model is quite
successful in capturing the viscoelastic behavior. Also, note that the
experimental data for DYAD 606 and DYAD 609 are given in the
English system in [28], so they are converted to the SI system.

V. Results and Discussion

In this section, three sandwich plate problems that exist in the
literature are considered to validate both the plate model and the
solution technique. Then, a parametric analysis on the effects of
system parameters on vibration and damping characteristics of a
three-layered composite plate is carried out.

A. Validation

The first two cases consist of simply supported sandwich plates
with elastic isotropic face layers and a viscoelastic corewith constant
material properties. These are hypothetical test problems, where the
viscoelastic material properties are assumed to be frequency
independent. The last case is a clamped composite plate with a
frequency-dependent viscoelastic core. Geometric and material
properties for the first example are given in Table 2.

This problem has attracted the attention of several researchers
[4,6,8–12] and it has been used as a benchmark problem to test new
plate theories and solution techniques. The vibration frequencies and
the loss factors defined by Eq. (30) are presented for the first five
modes in Table 3:

f�
���������������
Re�!2

n�
p

; �� Im�!2
n�

Re�!2
n�

(30)

where !n is the nth complex natural frequency.
Navier’s method is used in [6,8,9,12] for the solution of this

eigenvalue problem. Though there are some differences between the

Table 2 Material properties and dimensions

Property Dimension

Elastic layers (layers 1 and 3)

Young’s modulus E1 � E3 � 68:9 GPa
Density �1 � �3 � 2740 kg=m3

Poisson’s ratio �1 � �3 � 0:3
Thickness h1 � h3 � 0:762 mm

Viscoelastic layer (layer 2)

Shear modulus G2 � 0:896 MPa
Density �2 � 999 kg=m3

Poisson’s ratio �2 � 0:5
Loss factor �2 � 0:5
Thickness h2 � 0:254 mm

Whole plate

Length a� 0:348 m, b� 0:3048 m

Table 3 Natural frequencies and loss factors (N � 30,M � 26)

Frequency, Hz Loss factor

Analysis First Second Third Fourth Fifth First Second Third Fourth Fifth

Proposed 57.96 113.80 129.36 177.11 194.72 0.1706 0.1933 0.1927 0.1730 0.1705
Reference [4] 57.4 113.2 129.3 179.3 196.0 0.176 0.188 0.188 0.153 0.153
Reference [6] 60.2 115.2 130.2 178.5 195.4 0.190 0.203 0.199 0.181 0.174
Reference [8] 60.2 115.2 130.4 178.4 195.4 0.190 0.203 0.199 0.181 0.174
Reference [9] 60.1 115.0 130.2 178.1 195.1 0.192 0.203 0.198 0.179 0.172
Reference [10] 56.9 111.9 127.5 174.9 193.1 0.180 0.190 0.187 0.164 0.158
Reference [11] 58.69 113.75 129.16 175.46 193.79 0.201 0.211 0.208 0.189 0.183
Reference [12] 60.24 115.22 130.43 178.46 195.42 0.1901 0.2034 0.1991 0.1806 0.1737

Table 4 Material properties and dimensions

Property Dimension

Elastic layers (layers 1 and 3)

Young’s modulus E1 � E3 � 207 GPa
Density �1 � �3 � 7800 kg=m3

Poisson’s ratio �1 � �3 � 0:334
Thickness h1 � h3 � 5 mm

Viscoelastic layer (layer 2)

Shear modulus G2 � 4 MPa
Density �2 � 2000 kg=m3

Poisson’s ratio �2 � 0:3
Loss factor �2 � 0:38
Thickness h2 � 5 mm

Whole plate

Length a� b� 0:4 m

Table 1 Viscoelastic material properties

Material G0, Pa d � � 	, s �2, kg=m
3 TA,


K

3M ISD-110 48 	 103 1685 0.550 0.494 7:73 	 10�6 965 5050
3M 467 76 	 103 1753 0.553 0.501 7:98 	 10�6 1080 5050
DYAD 606 1:29 	 106 499 0.383 0.343 8:66 	 10�5 969 10450
DYAD 609 7:98 	 106 299 0.525 0.501 8.83 1107 10950
GE.SMRD [20] 5 	 106 36 0.605 0.554 2:09 	 10�4 400 ——

EAR C-1002 [20] 8 	 106 1570 0.566 0.558 7:23 	 10�10 1300 ——
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plate models used in these studies, the results show little variation
probably due to the same shape functions used for the displacements.
On the other hand, the natural frequencies and loss factors are
obtained with FEM analyses in [4,10,11].

The properties of the second plate are given in Table 4 and the
results for the first four natural frequencies and loss factors are
presented in Table 5.

The tables showgood agreement between the results obtainedwith
GDQMand the already existing ones. It is common tomodel the base
and constraining layers with Kirchhoff plate theory [5,8–10,12] in
order to simplify the problem by decreasing the number of degrees of
freedom. As a result, the neglected transverse shear strain results in
an overprediction of the natural frequencies. In this study, all layers
are modeled with Mindlin plate theory and therefore the natural
frequencies obtained are generally lower when compared with the
results of other studies.

The convergence of the loss factors in example 2 for the first four
modes with increasing number of terms considered is presented in
Fig. 5.

The third example is a clamped seven-layered composite plate
having carbon fiber face layers and a viscoelastic core made of 3M
ISD 112 damping polymer. The stacking sequence of the sandwich
plate is 0/90/45/core/45/90/0 and the material properties and
dimensions are as given in Table 6.

This problem was considered by Araujo et al. to identify the
unknown parameters of fractional-order viscoelastic models [29]. In
their study, the core layer is modeled with a higher-order shear
deformation theory (HSDT) and the face layers are modeled with
FSDT. Also, an eight-node serendipity plate element with 13
mechanical degrees of freedom per node was used for the FEM
analysis of this problem. The shear modulus and loss factor of the
viscoelastic core, for the frequency range f� 5 . . . 1600 Hz, are as
follows [29,30]:

G2 � 4:759 � 0:9266

0:1918� 0:0005148f
� 2:405�0:1918

� 0:0005148f�2

�2 � 1:385 � 0:03673�0:01� 0:0006306f�

� 0:01342

0:01� 0:0006306f
(31)

Since the core material is frequency dependent for this problem,
Eq. (24) is nonlinear and it is necessary to use an iterative approach to
solve this eigenvalue problem. Therefore, an initial guess for
the desired mode is made and the problem is solved for the
corresponding material properties of the viscoelastic core. Then, the
numerical result obtained for the natural frequency of the sandwich
plate is used as next guess. The iteration is repeated until thevibration
frequency converges to a value [13,29]:

kfi�1n � fink
fin

� � (32)

where � is the error tolerance and fin is the nth natural frequency at ith
iteration. The results for the first 12 natural frequencies and loss
factors are presented in Table 7 for �� 0:0001.

We also solved this problem with a currently developed FEM,
where the mass and stiffness matrices are derived by considering
classical plate theory for the base and the constraining layers and
FSDT for the core layer [31]. A four-node quadrilateral plate element
with seven degrees of freedom per node is used in the calculations
[31]. The results of this FEM analysis are given in the last two
columns of Table 6. Also, GDQM estimations for the natural
frequencies and loss factors when the core layer is modeled with
HSDT as in [29] are presented in Table 7.

There is some discrepancy between the results of [29] and the
recent study especially for the higher modes. Since there is a good
agreement between different models and solution techniques of the
present study, we conclude that the reason for this inconsistency is
most probably due to the coarse mesh used in [29]. Results also show
that the additional computational cost of using HSDT instead of
FSDT in the modeling of the core layer is not justified since there is
almost no difference between the frequencies and loss factors
obtained with these two theories.

Comparison of GDQ and FEMs, in terms of variation of the
relative error and the CPU time with respect to the number of nodes
considered, is presented in Fig. 6 for the first natural frequency of the
last example.

Figure 6 shows that GDQM requires more CPU time to solve the
problem than FEM, for the same number of nodes considered. This is
mainly due to the fact that it requires more effort to solve the dense
and asymmetric stiffness matrices produced by GDQ method
compared to the sparse and symmetric stiffness matrices obtained
with FEM.Nevertheless, the computational effort required to achieve

Table 5 Natural frequencies and loss factors (N � 30,M � 30)

Frequency, rad=s Loss factor, %

Analysis First Second Third Fourth First Second Third Fourth

Proposed 970.10 2340.76 2340.76 3700.19 4.391 1.919 1.919 1.232
Reference [5] 975.17 2350.79 2350.79 3725.33 4.431 1.918 1.918 1.224
Reference [7] 974.91 2350.80 2350.80 3725.60 4.386 1.911 1.911 1.221
Reference [11] 972.89 2346.45 2346.45 3711.90 4.4 1.9 1.9 1.2

Fig. 5 Convergence of the loss factor with N.

Table 6 Properties of the composite plate

Property Dimension

Carbon fiber layers (layers 1 and 3)

Young’s modulus E11 � 130:8 GPa, E22 � 10:6 GPa
Shear modulus G12 � 5:6 GPa, G13 � 4:2 GPa, G23 � 3:0 GPa
Density �1 � �3 � 1543 kg=m3

Poisson’s ratio �12 � 0:36
Thickness h1 � h3 � 1:5 mm

Viscoelastic layer (layer 2)

Shear modulus G2 �G2�!�
Density �2 � 1000 kg=m3

Poisson’s ratio �2 � 0:49
Loss factor �2 � �2�!�
Thickness h2 � 2:5 mm

Whole plate

Length a� 0:3 m, b� 0:2 m
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a desired accuracy is smaller for GDQ method since it shows better
convergence characteristics when compared to FEM. Similar
findings have also been reported in [24], where the CPU time and
accuracy are compared between GDQM and commercial FEM
software.

B. Parametric Analysis

The effect of geometric properties as well as the choice of core
material on damping and vibration characteristics of a rectangular
sandwich plate with clamped boundary conditions will be analyzed
in this section. The material for the composite base and constraining
layers are selected as carbon fiber reinforced plastic (CFRP) with the
material properties given in Table 8. The shear modulus and loss
factor of the viscoelastic core are calculated from Eqs. (26) and (27)
together with the data in Table 1. The iterative approach described for
the third example is used with the same error tolerance, �� 0:0001.

Though the loss factors of elastic face layers are usually quite
small when comparedwith the loss factor of the viscoelasticmaterial,
it may not be safe to omit them since the contribution to the total loss
factor of the structure is proportional with the stored strain energy
[32]. The loss factors of CFRPs usually vary in the range 0:001<
� < 0:005 [33]; therefore, an approximate average value �� 0:003
is attributed to the CFRP material in order to include the damping
contribution of the face layers. Also, to be on the safe side, the results
obtained with GDQM are compared with the results of the recent
FEM model with a 15 	 20 mesh.

The effect of lamination angle of the constraining layer on the
fundamental frequency and loss factor is presented in Fig. 7. The
plate section is geometrically symmetrical and the base layer is held

at a constant lamination angle, �3 � 0. Figure 7 shows that the
frequency and the loss factor are maximized for a symmetric layup
0/core/0. The loss factor has its greatest values when the core
material is a damping polymer from 3M. Also, the maximum values
of the frequency and theminimum values of the loss factor belong to
a DYAD 609 core. An interesting point observed is that the loss
factor of the sandwich plate is almost constant with the lamination
angle of the constraining layer, when the core material is EAR
C-1002.

The effect of face layer thicknesses on the vibration and damping
characteristics of the sandwich plate is shown in Fig. 8, where the
base and constraining layers are taken of equal height. As a result of
increasing sectional stiffness, the frequency increases with h1 and h3
for all types of the core material as expected. On the other hand, the
loss factor has a global maximum at a specific thickness of the face
layers for each core material. Again, the viscoelastic materials
from 3M show the best damping characteristics for this plate
configuration. Also, note that the deviation of predicted frequencies
between FEM and GDQM solutions increases with increasing
thicknesses, h1 and h3. This is quite natural since the shear stresses
ignored in the FEM model dominate as the thicknesses of the face
layers increase and the thin plate model starts to fail.

The effect of core thickness on the natural frequency and modal
loss factor is presented in Fig. 9. The frequencies decrease with
increasing core thickness as a result of the decreasing ratio of the
sectional stiffness to mass for the relatively soft damping materials,
i.e., 3M ISD-110, 3M 467, and EARC-1002. For the other three stiff
materials, this effect is vice versa. The modal loss factor tends to
increasewith core thickness as expected. As can be deduced from the
figure, the best choices of core material in order to achieve better

Table 7 Natural frequencies and loss factors (N � 30,M � 20)

FEM [29] GDQMa GDQMb FEMc

Mode f, Hz �, % f, Hz �, % f, Hz �, % f, Hz �, %

1 211.72 46.58 216.4971 50.6700 216.4971 50.6700 217.1197 50.7598
2 382.63 41.87 375.0547 49.8528 375.0547 49.8527 376.2565 49.9284
3 473.22 42.52 469.5071 48.2577 469.5071 48.2576 472.8345 48.1989
4 630.85 39.41 580.8453 51.8697 580.8453 51.8696 583.7805 51.8075
5 674.83 31.93 635.8137 40.9737 635.8137 40.9737 639.0632 41.0070
6 876.43 39.59 801.5226 48.3322 801.5225 48.3321 805.5127 48.0869
7 963.66 32.92 828.7563 44.6736 828.7562 44.6735 840.2958 44.3153
8 995.54 31.43 923.4911 42.5272 923.4910 42.5272 932.2388 42.3802
9 1080.30 33.41 969.8134 38.3451 969.8133 38.3451 978.6948 38.2968
10 1393.95 30.16 1054.6749 47.4708 1054.6747 47.4707 1061.5413 47.1812
11 1440.67 33.90 1210.4852 37.9273 1210.4849 37.9271 1218.9995 37.3892
12 1461.00 27.51 1298.7898 38.3266 1298.7897 38.3265 1317.9316 38.3406

aCore modeled with FSDT.
bCore modeled with HSDT.
cFEM results of the present study with a 30 	 20 mesh.

Fig. 6 Relative error and CPU time for GDQM and FEM.

Table 8 Properties of the composite plate

Property Dimension

CFRP composite layers (layers 1 and 3)

Young’s modulus E11 � 138:6 GPa, E22 � 8:27 GPa
Shear modulus G12 �G13 � 4:96 GPa, G23 � 4:12 GPa
Density �1 � �3 � 1824 kg=m3

Poisson’s ratio �12 � 0:26
Thickness Variable

Viscoelastic layer (layer 2)

Shear modulus G2 �G2�!�
Density �2 (Table 1)
Poisson’s ratio �2 � 0:5
Loss factor �2 � �2�!�
Thickness Variable

Whole plate

Length a� 0:3 m, b� 0:4 m
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damping results are 3M ISD-110 and 3M 467, for smaller values of
h2. For the larger thicknesses of the core layer, GE.SMRD seems to
be the best choice.

Lastly, the effect of the location of the viscoelastic core inside the
plate is shown in Fig. 10. The maximum values of the modal loss

factor correspond to symmetrical configurations, where h1 � h3, for
all choices of the core material. This result is expected since the core
experiences the greatest magnitudes of shear stress for symmetrical
configurations. On the other hand, this effect seems to be vice versa
for the frequency for most of the core materials, i.e., the minimum

Fig. 7 Variation of the frequency and loss factor with �1 (h1 � 2 mm, h2 � 0:2 mm, h3 � 2 mm).

Fig. 8 Variation of the frequency and loss factor with h1 � h3 (h2 � 0:2 mm, �1 � 0, �3 � 0).

Fig. 9 Variation of the frequency and loss factor with h2 (h1 � 2 mm, h3 � 3 mm, �1 � 0, �3 � �=2).
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value of the natural frequency corresponds to the symmetrical case
and a deformation of symmetry results in an increase due to
increasing rigidity. The best choice, in terms of vibration damping,
seems to be 3M 467 for all possible variations of the location of
viscoelastic core. The matching between the results obtained with
FEM and GDQM is quite satisfactory for the loss factor; however,
there is some discrepancy between the results obtained with these
two methods for the frequency, especially for the stiff core materials
and asymmetrical plate sections.

VI. Conclusions

In this study, the fundamental frequencies and loss factors of
composite sandwich plates with viscoelastic cores are calculated by
usingGDQM, for the first time. The results obtainedwithGDQMare
compared with the results of other studies in order to verify the plate
model and the solution technique. The five-parameter fractional
Zener model is used to take into account the frequency dependency
of the core layer. The unknown material parameters of the polymeric
dampingmaterials considered in the core layer are evaluated from the
experimental results that exist in the literature. It is observed that the
correlation between the theoretical and experimental results is
exceptionally good. The effects of system parameters such as
lamination angle, thicknesses of layers, and location of the core layer
on the frequencies and loss factors are investigated for different core
materials for clamped plates with CFRP face layers. It is found that
the core material that provides the highest damping depends on the
geometrical properties of the plate. Therefore, finding a global
optimum of the system parameters to maximize the modal loss factor
would be a challengingmultiparameter optimization problem,which
can be carried out as a future study. On the other hand, results have
shown that symmetrical layups, where the material and geometrical
properties of the constraining and base layers are identical, present
better damping results when compared with the nonsymmetrical
layups.

The eigenproblem is also solved with FEM by using a four-node
quadrilateral plate element, where the face layers are modeled with
Kirchhoff theory. The results of both GDQMand FEM are compared
and presented graphically, and a good agreement between these two
methods is observed. This study reveals that GDQM can be
efficiently used as an accurate and robust alternative to FEM in the
vibration analysis of sandwich plates.

Appendix: Governing Equations
and Boundary Conditions

The relation between transformed stiffness coefficients and the
lamina stiffness coefficients in principal material coordinates is as
follows:

�Q�i�11 �Q11cos
4�i � 2�Q12 � 2Q66�sin2�icos2�i �Q22sin

4�i

�Q�i�12 � �Q11 �Q22 � 4Q66�sin2�icos2�i �Q12�sin4�i � cos4�i�
�Q�i�22 �Q11sin

4�i � 2�Q12 � 2Q66�sin2�icos2�i �Q22cos
4�i

�Q�i�16 � �Q11 �Q12 � 2Q66� sin �icos3�i
� �Q12 �Q22 � 2Q66�sin3�i cos �i

�Q�i�26 � �Q11 �Q12 � 2Q66�sin3�i cos �i
� �Q12 �Q22 � 2Q66� sin �icos3�i

�Q�i�66 � �Q11 �Q22 � 2Q12 � 2Q66�sin2�icos2�i
�Q66�sin4�i � cos4�i�

�Q�i�44 �Q44cos
2�i �Q55sin

2�i

�Q�i�45 � �Q55 �Q44� cos �i sin �i
�Q�i�55 �Q55cos

2�i �Q44sin
2�i (A1)

where �i is the angle of lamination of the ith layer andQmn are related
to the engineering constants as follows:

Q11�
E1

1� �12�21
; Q12�

�12E2

1� �12�21
; Q22�

E2

1� �12�21
;

Q66�G12; Q44�G23; Q55�G13; �21�
E2�12
E1

(A2)

The governing equations are obtained as follows:
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Fig. 10 Variation of the frequency and loss factor with the location of core (h1 � h3 � 6 mm, h2 � 0:4 mm, �1 � 0, �3 � 0).
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The sectional moment and forces are obtained from the following
equations:

N�i�mn �
Z
hi=2

�hi=2
��i�mn dz�i�

M�i�mn �
Z
hi=2

�hi=2
z�i���i�mn dz�i�

i� 1; 2; 3 (A12)

And the boundary conditions are evaluated as follows:
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